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1.5 Binomische Formeln und binomischer Lehrsatz 
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• _áåçãáëÅÜÉê=iÉÜêë~íòW=

å
å å M å N N N å N M å å â â

â M

å å å å å
E~ ÄF ~ Ä ~ Ä KKK ~ Ä ~ Ä ~ Ä

M N å N å â
− − −

=

         
+ = + + + + =         −         

∑ =

1.6 Potenzregeln 

• =M~ N =

• +⋅ =ã å ã å~ ~ ~ =

• −=
ã

ã å

å

~
~

~
=

• å å å~ Ä E~ ÄF⋅ = ⋅ =

• 
åå

å

~ ~

Ä Ä

 =  
 

=

• ⋅=ã å ã åE~ F ~ =

• =
N

åå~ ~ =

• =
ã

å ãå~ ~ =

• å

å

N
~

~
− = =

1.7 Logarithmusregeln 

• = ↔ = = = > ≠ñ
~

äçÖ Ä äå Ä
~ Ä ñ äçÖ Ä ÑΩê ~I Ä MI ~ N

äçÖ ~ äå ~
=

• =NMäçÖ ñ äçÖ ñ =

• =ÉäçÖ ñ äå ñ =

• ~ ~ ~äçÖ Eñ óF äçÖ ñ äçÖ ó⋅ = + =

• ~ ~ ~

ñ
äçÖ äçÖ ñ äçÖ ó

ó
= − =

• = ⋅ê
~ ~äçÖ Eñ F ê äçÖ ñ =

• ~ ~

N
äçÖ äçÖ ñ

ñ
= − =

• =å
~ ~

N
äçÖ ñ äçÖ ñ

å
=

=

=

=
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2. Folgen und Reihen 

2.1 Arithmetische Folgen und Reihen 

aáÑÑÉêÉåò=âçåëí~åíW= + − =å N å~ ~ Ç =

däáÉÇÉê=ÇÉê=~êáíÜãÉíáëÅÜÉå=cçäÖÉW= = + − ⋅å N~ ~ Eå NF Ç =

däáÉÇÉê=ÇÉê=~êáíÜãÉíáëÅÜÉå=oÉáÜÉW=
å

å á N å N
á N

å åEå NF
ë ~ E~ ~ F å ~ Ç

O O=

−= = + = ⋅ + ⋅∑ =

2.2 Geometrische Folgen und Reihen 

nìçíáÉåí=âçåëí~åíW= + =å N

å

~
è

~
=

däáÉÇÉê=ÇÉê=ÖÉçãÉíêáëÅÜÉå=cçäÖÉW= å N
å N~ ~ è −= ⋅ =

däáÉÇÉê=ÇÉê=ÖÉçãÉíêáëÅÜÉå=oÉáÜÉW=
åå

å á N
á N

N è
ë ~ ~

N è=

−= = ⋅
−∑ =

råÉåÇäáÅÜÉ=ÖÉçãÉíêáëÅÜÉ=oÉáÜÉW= =
−
N~ë

N è
=



PK=cáå~åòã~íÜÉã~íáâ= Q=
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3. Finanzmathematik 
hM= Z= ^åÑ~åÖëâ~éáí~äI=_~êïÉêí=ÄòïK=^åëÅÜ~ÑÑìåÖëïÉêí=

hå= Z= båÇâ~éáí~ä=å~ÅÜ=å=wáåëéÉêáçÇÉå=ÄòïK=oÉëíÄìÅÜïÉêí=å~ÅÜ=å=^ÄëÅÜêÉáÄìåÖÉå=

é= Z== wáåëë~íò=áå=B=

á= Z= wáåëë~íò=áå=aÉòáã~äëÅÜêÉáÄïÉáëÉ=EéLNMMF=

è= Z= ^ìÑòáåëìåÖëÑ~âíçê=N=H=á=

î= Z= ^ÄòáåëìåÖëÑ~âíçê=NLè=

å= Z= i~ìÑòÉáí=

â= Z= wïáëÅÜÉåéÉêáçÇÉ=

ê= Z= oÉåíÉI=o~íÉI=^ÄëÅÜêÉáÄìåÖëÄÉíê~Ö=

oâ= Z= oÉëíïÉêí=å~ÅÜ=â=mÉêáçÇÉå=EÄÉá=oÉåíÉå=ìåÇ=^ÄëÅÜêÉáÄìåÖÉåF=

pM= Z= ^åÑ~åÖëëÅÜìäÇ= =

pâ= Z= oÉëíëÅÜìäÇ=å~ÅÜ=â=mÉêáçÇÉå=

~= Z= ^ååìáí®í=

í= Z= qáäÖìåÖ=

3.1 Einfache Verzinsung 

_~êïÉêíW== =
+ ⋅

å
M

h
h

N å á
= båÇâ~éáí~äW== = + ⋅ ⋅å Mh EN å áF h =

i~ìÑòÉáíW==
−

=
⋅

å M

M

h h
å

á h
= wáåëë~íòW==

−
=

⋅
å M

M

h h
á

å h
=

3.2 Zinseszins 

_~êïÉêíW== =
+
å

M å

h
h

EN áF
= båÇâ~éáí~äW== å

å Mh h EN áF= ⋅ + =

i~ìÑòÉáíW== å Mäåh äåh
å

äå EN áF

−
=

+
= wáåëë~íòW== = −å

å

M

h
á N

h
=

3.3 Zinseszins bei unterjähriger und stetiger Verzi nsung 

nì~êí~äëïÉáëÉ=sÉêòáåëìåÖW=
å Q

å M

á
h h N

Q

⋅
 = ⋅ + 
 

=

jçå~íäáÅÜÉ=sÉêòáåëìåÖW=
å NO

å M

á
h h N

NO

⋅
 = ⋅ + 
 

=

q®ÖäáÅÜÉ=sÉêòáåëìåÖW=
å PSM

å M

á
h h N

PSM

⋅
 = ⋅ + 
 

=

píÉíáÖÉ=sÉêòáåëìåÖW= ni
0n eKK ⋅⋅= =

3.4 Ratenverträge 

3.4.1 Vorschüssige Einzahlung  

^åå~ÜãÉW=jÉÜêã~äáÖÉ=báåò~ÜäìåÖÉå=áå=ÖäÉáÅÜÉê=e∏ÜÉ=ê=

båÇâ~éáí~äW==
−= ⋅ ⋅
−

å

å

N è
h ê è

N è
= i~ìÑòÉáíW=

åEè NF h
äå N

ê è
å

äå è

 − ⋅+ ⋅ = =

báåò~ÜäìåÖW=
−= ⋅
−

å

å

h N è
ê

è N è
=
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3.4.2 Nachschüssige Einzahlung 

^åå~ÜãÉW=jÉÜêã~äáÖÉ=báåò~ÜäìåÖÉå=áå=ÖäÉáÅÜÉê=e∏ÜÉ= ê =

båÇâ~éáí~äW=
−= ⋅
−

å

å

N è
h ê

N è
= i~ìÑòÉáíW=

åEè NF h
äå N

ê
å

äå è

− ⋅ + 
 = =

báåò~ÜäìåÖW=
−= ⋅
−å å

N è
ê h

N è
=

3.5 Renten 

3.5.1 Vorschüssige Rente 

^åå~ÜãÉW=jÉÜêã~äáÖÉ=^ìëò~ÜäìåÖÉå=áå=ÖäÉáÅÜÉê=e∏ÜÉ=ê=

_~êïÉêíW==
−= ⋅
−

å

M

N î
o ê

N î
= oÉåíÉW=

−= ⋅
−M å

N î
ê o

N î
=

båÇâ~éáí~äW==
−= ⋅ − ⋅ ⋅
−

â
â

â M

N è
o o è ê è

N è
= i~ìÑòÉáíW=

⋅ − − 
 =

Mo EN îF
äå N

ê
å

äå î
=

3.5.2 Nachschüssige Rente 

^åå~ÜãÉW=jÉÜêã~äáÖÉ=^ìëò~ÜäìåÖÉå=áå=ÖäÉáÅÜÉê=e∏ÜÉ= ê =

_~êïÉêíW=
−= ⋅ ⋅
−

å

M

N î
o ê î

N î
= oÉåíÉW=

−= ⋅
−

M

å

o N î
ê

î N î
=

båÇâ~éáí~äW=
−= ⋅ − ⋅
−

â
â

â M

N è
o o è ê

N è
= i~ìÑòÉáíW=

Mo EN îF
äå N

ê î
å

äå î

⋅ − − ⋅ = =

3.5.3 Wachsende nachschüssige Rente 

c~ääW=k~ÅÜëÅÜΩëëáÖÉ=oÉåíÉI=ÇáÉ=àÉÇÉë=g~Üê=ìã=ÇÉå=c~âíçê=EN=H=ÖF=Z=ï=ï®ÅÜëíK=
å

M

ï
N

è
o ê

á Ö

 −  
 = ⋅
−

= cΩê=á=[=Ö=ìåÇ=å=→=∞=ÖáäíW= =
−M

ê
o

á Ö
=

3.5.4 Ewige Rente 

= ⋅ −Mê h Eè NF ==→ =aáÉë=ÉåíëéêáÅÜí=ÇÉå=wáåëÉåK=

3.7 Tilgungen 

3.7.1 Tilgungsplan bei annuitätischer Tilgung 

= =
Jahr oÉëíëÅÜìäÇ=g^= wáåëÉå= qáäÖìåÖ= ^ååìáí®í= oÉëíëÅÜìäÇ=gb=

N= pM= òN=Z=pM=⋅=á= íN= ~==Z=òN=H=íN= pN=Z=pM=Ó=íN=

O= pN=Z=pM=Ó=íN= òO==Z=pN=⋅=á=Z=EpM=Ó=íNF=⋅=á=
= Z=òN=Ó=íN=⋅=á=

íO==Z=~=Ó=òO=

== Z=EòN=H=íNF=Ó=EòN=Ó=íN=⋅=áF=
= Z=íN=⋅=EN=H=áF=

~==Z=òO=H=íO=
= Z=òN=H=íN=

pO=Z=pN=Ó=íO=

P= pO=Z=pN=Ó=íO= òP==Z=pO=⋅=á=
= Z=òO=Ó=íO=⋅=á=

íP==Z=~=Ó=òP=

= Z=EòO=H=íOF=Ó=EòO=Ó=íO=⋅=áF=
== Z==íO=⋅=EN=H=áF=
= Z==íN=⋅=EN=H=áFO=

~==Z=òP=H=íP=
= Z=òN=H=íN=

pP=Z=pO=Ó=íP=

KKK= Á= Á= Á= Á= Á=

â= pâJN=Z=pâÓO=Ó=íâÓN= òâ=Z=òâÓN=Ó=íâÓN=⋅=á= íâ=Z==íN=⋅=EN=H=áFâÓN=

=

~==Z=òâ=H=íâ=
= Z=òN=H=íN=

pâ=Z=pâÓN=Ó=íâ=

KKK= Á= Á= Á= Á= Á=
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3.7.2 Formeln bei annuitätischer Tilgung 

oÉëíëÅÜìäÇ=å~ÅÜ=âJg~ÜêÉåW=
−= − ⋅
−

â

â M N

N è
p p í

N è
===çÇÉê==

−= ⋅ − ⋅
−

â
â

â M

N è
p p è ~

N è
=

^åÑ~åÖëëÅÜìäÇW= = =
−= ⋅
−

å

M å

~ N è
p

è N è
=

^ååìáí®íW== = =
−= ⋅ ⋅
−

å
M å

N è
~ p è

N è
=

pìããÉ=qáäÖìåÖëò~ÜäìåÖÉåW=
−= ⋅
−∑

å

å N

N è
í í

N è
=

qáäÖìåÖ=áã=âJíÉå=g~ÜêW= = −= ⋅ + â N
â Ní í EN áF =

i~ìÑòÉáíW= = =

M

N

p EN èF
äå N

í
å

äå è

 ⋅ −− 
 = =

3.8 Abschreibungen 

3.8.1 Lineare Abschreibung 

hçåëí~åíÉ=^ÄëÅÜêÉáÄìåÖëê~íÉW= =
−

= M åh h
ê

å
=

oÉëíÄìÅÜïÉêí=å~ÅÜ=â=mÉêáçÇÉåW= = M å
â M M

h h
o h â ê h â

å

−
= − ⋅ = − ⋅ =

3.8.2 Geometrisch degressive Abschreibung 

^ÄëÅÜêÉáÄìåÖëê~íÉ=ÇÉê=âJíÉå=mÉêáçÇÉW= â N
â Mê h EN áF á−= ⋅ − ⋅ =

oÉëíÄìÅÜïÉêí=å~ÅÜ=â=mÉêáçÇÉå= = â
â Mh h EN áF= ⋅ − =

3.8.3 Arithmetisch degressive Abschreibung 

^ÄëÅÜêÉáÄìåÖëê~íÉ=ÇÉê=âJíÉå=mÉêáçÇÉW= â Nê ê Eâ NF Ç= − − ⋅ =

oÉëíÄìÅÜïÉêí=å~ÅÜ=â=mÉêáçÇÉåW= = â M N

â
h h xOê Eâ NF Çz

O
= − ⋅ − − ⋅ =
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4. Grenzwerte 

4.1 Rechenregeln 

• 
→α →α →α

′± = ± = ϕ ± ϕ
ñ ñ ñ
äáã EÑEñF ÖEñFF äáã ÑEñF äáã ÖEñF =

• 
→α →α →α

′⋅ = ⋅ = ϕ ⋅ ϕ
ñ ñ ñ
äáã EÑEñF ÖEñFF äáã ÑEñF äáã ÖEñF =

• ñ

ñ
ñ

äáã ÑEñFÑEñF
äáã ÑΩê ÖEñF M ìåÇ M

ÖEñF äáã ÖEñF
→α

→α
→α

ϕ ′= = ≠ ϕ ≠
′ϕ

=

• 
→α

= = ∈
ñ
äáã ÑEñF âI Ñ~ääë ÑEñF â ÑΩê ~ääÉ ñ aEÑF =

• 
ñ ñ
äáã EÑEñF âF äáã ÑEñF â â
→α →α

+ = + = ϕ + =

• 
ñ ñ
äáã â ÑEñF â äáã ÑEñF â
→α →α

⋅ = ⋅ = ⋅ ϕ =

• ( )åå å å åå
ñ ñ ñ ñ
äáã EÑEñFF äáã ÑEñF ÄòïK äáã ÑEñF äáã ÑEñF
→α →α →α →α

= = ϕ = = ϕ =

• ñ
äáã ÑEñFÑ EñF

ñ
äáã E~ F ~ ~→α ϕ

→α
= = =

• ( )→α →α
= = ϕ ϕ > ≠~ ~ ~

ñ ñ
äáã EäçÖ ÑEñFF äçÖ äáã ÑEñF äçÖ ÑΩê ~I MI ~ N =

4.2 Grenzwerte spezieller Funktionen 

4.2.1 Potenzfunktionen 

== =

4.2.2 Exponenzialfunktionen 

• 
→+∞

< <
= =
+∞ >

ñ

ñ

M ÑΩê M ~ N

äáã ~ N ÑΩê ~ N

ÑΩê ~ N

=

• −

→+∞

+∞ < <
= =
 >

ñ

ñ

ÑΩê M ~ N

äáã ~ N ÑΩê ~ N

M ÑΩê ~ N

=

• −

→ →
= = >ñ ñ

ñ M ñ M
äáã ~ äáã ~ N ÑΩê ~ N =



QK=dêÉåòïÉêíÉ= U=
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4.2.3 Logarithmusfunktionen 

• 
→+∞

= +∞ >~
ñ
äáã äçÖ ñ ÑΩê ~ N =

• 
→

= >~
ñ N
äáã äçÖ ñ M ÑΩê ~ N =

• 
→ +

= −∞ >~
ñ M
äáã äçÖ ñ ÑΩê ~ N =

4.2.4 Weitere Funktionen 

= =



RK=aáÑÑÉêÉåòá~äêÉÅÜåìåÖ=J=^ÄäÉáíìåÖëêÉÖÉäå= V=
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5. Differenzialrechnung - Ableitungsregeln 
• aáÑÑÉêÉåòá~äèìçíáÉåíW=

∆ →

+ ∆ −′ ′= → = = =
∆ñ M

Çó ÑEñ ñF ÑEñF
ó ÑEñF ó Ñ EñF äáã

Çñ ñ
==

• mçíÉåòêÉÖÉäW=

−′= → = ⋅å å Nó ñ ó å ñ =

• hçåëí~åíÉåêÉÖÉäW=

′ ′= ⋅ → = ⋅ó ~ ÖEñF ó ~ Ö EñF = c~ää=NW= −′= ⋅ → = ⋅ ⋅å å Nó ~ ñ ó ~ å ñ =

= = = = = c~ää=OW= ′= = ⋅ → =Mó ~ ~ ñ ó M =

• pìããÉåêÉÖÉäW=

ó ÑEñF ÖEñF ó Ñ EñF Ö EñF′ ′ ′= ± → = ± =

• mêçÇìâíêÉÖÉäW=

′ ′ ′= ⋅ → = ⋅ + ⋅ó ÑEñF ÖEñF ó Ñ EñF ÖEñF Ö EñF ÑEñF =

• nìçíáÉåíÉåêÉÖÉäW=

[ ]
′ ′⋅ − ⋅′= → =

O

ÑEñF Ñ EñF ÖEñF Ö EñF ÑEñF
ó ó

ÖEñF ÖEñF
=

• hÉííÉåêÉÖÉäW=

′ ′ ′= = → = ⋅ = ⋅
Ç ÑEòF Ç ÖEñF

ó ÑEÖEñFF ãáí ò ÖEñF ó Ñ EòF Ö EñF
ò ñ

=

• bñéçåÉåíá~äÑìåâíáçåW=

ñ ñ

ñ ñ

ÖEñ F ÖEñ F

ó É ó É

ó ~ ó ~ äå ~

ó ~ ó ~ Ö EñF äå ~

′= → =
′= → = ⋅

′= → = ⋅ ⋅

=

• içÖ~êáíÜãìëÑìåâíáçåW=

~

N
ó äå ñ ó

ñ
N

ó äçÖ ñ ó
ñ äå ~

′= → =

′= → =
⋅

=

• içÖ~êáíÜãáÉêíÉ=cìåâíáçåW=

′′= → = =
⋅~

Çó Ö EñF
ó äçÖ EÖEñFF ó

Çñ ÖEñF äå ~
======c~ääW=

′′= → = =Çó Ö EñF
ó äåEÖEñFF ó

Çñ ÖEñF
=

• ^ÄäÉáíìåÖ=ÉáåÉê=rãâÉÜêÑìåâíáçåW=

Nó ÑEñF ñ Ñ EóF ÖEóF ÖEÑEñFF

ÇÖ N

Çó Ñ EñF

−= → = = =

→ =
′

=
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6. Wachstumsraten 

6.1 Stetige Wachstumsraten 

ë
ó í í N

Çó
Ñ EíF Ç äå óÇíó ÑEíF ï E äå ó äå ó F

ó ÑEíF Çí
−

′
= → = = = = − =

hçãÄáå~íáçå=ãÉÜêÉêÉê=s~êá~ÄäÉåW=

• = ⋅ó ì î → = + = +ë ë ë
ó ì î

Ç äå ì Ç äå î
ï ï ï

Ç í Ç í
=

• = ì
ó

î
→ = − = −ë ë ë

ó ì î

Ç äå ì Ç äå î
ï ï ï

Ç í Ç í
=

• = +ó ì î
{ {

→ = ⋅ + ⋅
+ +

ë ë ë
ó ì î

^åíÉáä îçåì ^åíÉáä îçå î
~ãdÉë~ãíÉå ~ãdÉë~ãíÉå

ì î
ï ï ï

ì î ì î
=

• = ~ó ì → = = ⋅ = ⋅ë ë
ó ì

Ç äå ó Ç äå ì
ï ~ ~ ï

Ç í Ç í
=

6.2 Diskrete Wachstumsraten 

−

− −

−∆= = = −Ç í í N í
ó

í N í N

ó ó óó
ï N

ó ó ó
=

hçãÄáå~íáçå=ãÉÜêÉêÉê=s~êá~ÄäÉåW=

• = ⋅ó ì î → = + + ⋅Ç Ç Ç Ç Ç
ó ì î ì îï ï ï ï ï =

• = ì
ó

î

−
→ =

+

Ç Ç
Ç ì î
ó Ç

î

ï ï
ï

ï N
=

c~ääW=nì~êí~äëïÉáëÉ=_ÉçÄ~ÅÜíìåÖÉå=

• g~ÜêÉëï~ÅÜëíìãëê~íÉW=
−

= −Ç í
óI g

í Q

ó
ï N

ó
=

• nì~êí~äëï~ÅÜëíìãëê~íÉW=
−

= −Ç í
óIn

í N

ó
ï N

ó
=

• ^ååì~äáëáÉêíÉ=t~ÅÜëíìãëê~íÉW=
−

 
= − 
 

Q
Ç í
óI~

í N

ó
ï N

ó
=

6.3 Zusammenhänge 

• = −
ë
óïÇ

óï É N =

• = +ë Ç
ó óï äåEN ï F =

• ≥Ç ë
ó óï ï =
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7. Kurvendiskussion - Schematische Darstellung 

7.1 Nullstellen einer Funktion 

^ääÖÉãÉáåÉ=sçêÖÉÜÉåëïÉáëÉW=
>

ÑEñF M= =ìåÇ=^ìÑä∏ëÉå=å~ÅÜ=ñ=

• mçäóåçã=NK=dê~ÇÉëW==

ÑEñF=Z=~ñ=H=Ä=
>

M= =→=
Ä

ñ
~

= − =

• mçäóåçã=OK=dê~ÇÉëW=

ÑEñF=Z=~ñO=H=Äñ=H=Å=
>

M= ==

nì~Çê~íáëÅÜÉ=i∏ëìåÖëÑçêãÉäW= NIO

Ä a
ñ

O~

− ±= =ãáí= = −Oa Ä Q~Å =

c~ää=NW= > →a M =bë=ÉñáëíáÉêÉå=òïÉá=kìääëíÉääÉåK=

c~ää=OW= < →a M =bë=ÉñáëíáÉêí=âÉáåÉ=kìääëíÉääÉK=

c~ää=PW= = →a M =bë=ÉñáëíáÉêí=ÖÉå~ì=ÉáåÉ=kìääëíÉääÉK=

• mçäóåçã=Ü∏ÜÉêÉå=dê~ÇÉëW=

NK=^ìëâä~ããÉêå=òì=ÉáåÉê=mêçÇìâíÖäÉáÅÜìåÖ=

OK=kÉïíçåJsÉêÑ~ÜêÉåW=táÉÇÉêÜçäÉ=ÑçäÖÉåÇÉ=sçêëÅÜêáÑíI=Äáë=ÉáåÉ=ÜáåêÉáÅÜÉåÇÉ=dÉå~ìáÖâÉáí=ÑΩê====
=ÑEαåHNFZM=ÉêòáÉäí=ïìêÇÉW==

= ( )
( )n

n
n1n

αf

αf
αα

′
−=+

== =

7.2 Entscheidung über Extrema und Sattelpunkte 

bë=ÖáäíW=få=ÉáåÉã=bñíêÉãïÉêí=®åÇÉêí=ëáÅÜ=ÇáÉ=píÉáÖìåÖK=

NK=pÅÜêáííW==_ÉëíáããìåÖ=ÇÉê=âêáíáëÅÜÉå=mìåâíÉ=

= =
>

Ñ EñF M′ = =

OK=pÅÜêáííW= tÉêíÉ=~ìë=ÇÉã=NK=pÅÜêáíí=áå=ÇáÉ=òïÉáíÉ=^ÄäÉáíìåÖ=ÉáåëÉíòÉå=

• Ñ Eñ F M′′ = α > = →== jáåáãìã=EâçåîÉñ=ÖÉâêΩããíF=

• Ñ Eñ F M′′ = α < = →  j~ñáãìã=Eâçåâ~î=ÖÉâêΩããíF=

• Ñ Eñ F M′′ = α = = →  âÉáåÉ=ÉáåÇÉìíáÖÉ=^ìëë~ÖÉ=ã∏ÖäáÅÜ=
= ïÉáíÉêÉ=råíÉêëìÅÜìåÖ=EPK=pÅÜêáííF=

PK=pÅÜêáííW= _Éá=ïÉäÅÜÉê=ãJíÉå=^ÄäÉáíìåÖ=áëí=ÑãEαF=≠=M\=
• ãJÖÉê~ÇÉ== ìåÇ== ÑãEαF=Y=M= →  j~ñáãìã=

• ãJÖÉê~ÇÉ== ìåÇ== ÑãEαF=[=M= →  jáåáãìã=

• ãJìåÖÉê~ÇÉ== = = →  p~ííÉäéìåâí=

7.3 Entscheidung über Wendepunkte 

bë=ÖáäíW=få=ÉáåÉã=tÉåÇÉéìåâí=®åÇÉêí=ëáÅÜ=ÇáÉ=hêΩããìåÖ=îçå=ÑEñFK=

NK=pÅÜêáííW=
>

Ñ EñF M′′ = =

OK=pÅÜêáííW= báåëÉíòÉå=ÇÉë=bêÖÉÄåáëëÉë=~ìë=ÇÉã=NK=pÅÜêáíí=áå=ÇáÉ=ÇêáííÉ=^ÄäÉáíìåÖ=îçå=ÑEñF=

• Ñ Eñ F M′′′ = α ≠ = → tÉåÇÉéìåâí=

• Ñ Eñ F M′′′ = α = = →= ïÉáíÉêÉ=råíÉêëìÅÜìåÖ=EPK=pÅÜêáííF=

PK=pÅÜêáííW= _Éá=ïÉäÅÜÉê=ãJíÉåJ^ÄäÉáíìåÖ=áëí=Ñã=EαF=≠=M\=
• ãJÖÉê~ÇÉ== →  âÉáåÉ=^ìëë~ÖÉ=ã∏ÖäáÅÜ=

• ãJìåÖÉê~ÇÉ= →  tÉåÇÉéìåâí=



TK=hìêîÉåÇáëâìëëáçå=J=pÅÜÉã~íáëÅÜÉ=a~êëíÉääìåÖ= NO=

=

=

7.4 Entscheidung über Steigung und Krümmung 

NK=píÉáÖìåÖW=

• Ñ EñF M′ > = →== cìåâíáçå=ëíÉáÖí=

• Ñ EñF M′ < = →  cìåâíáçå=Ñ®ääí=

• Ñ EñF M′ = = →  ÖÖÑK bñíêÉãïÉêí=

OK=hêΩããìåÖW=

• Ñ EñF M′′ > = →= âçåîÉñ=ÖÉâêΩããí=

• Ñ EñF M′′ < = →= âçåâ~î=ÖÉâêΩããí=

• Ñ EñF M′′ = = →= ÖÖÑK=tÉåÇÉëíÉääÉ=



UK=£âçåçãáëÅÜÉ=cìåâíáçåÉå=J=j~êÖáå~ä~å~äóëÉ= NP=

=

8. Ökonomische Funktionen - Marginalanalyse 

8.1 Kostenfunktion 

{ {î Ñ

î~ê á~ÄäÉ âçëíÉå ÑáñÉ hçëíÉå

`EñF ` EñF `= + =

píΩÅââçëíÉåW= = `EñF
^`EñF

ñ
=

s~êá~ÄäÉ=píΩÅââçëíÉåW= = î` EñF
^s`EñF

ñ
=

cáñÉ=píΩÅââçëíÉåW= = Ñ`^c`EñF
ñ
=

dêÉåòâçëíÉåW= ′ =
Ç`EñF

` EñF
Ç ñ

= Eå®ÜÉêìåÖëïÉáëÉ=hçëíÉå®åÇÉêìåÖ=ÄÉá=jÉåÖÉå®åÇÉêìåÖ=ìã=ÉáåÉ=báåÜÉáíF=

=
bêíê~ÖëÖÉëÉíòäáÅÜÉ=hçëíÉåÑìåâíáçåW=

Schwelle des Ertragsgesetzes x=αS: 
Wendepunkte von C(x) und 

Minimum von C′ (x)

Betriebsminimum x=αM:
•Minimum von AVC(x)
•Funktionswert AVC(αM) = kurz-

fristige Preisuntergrenze AVCmin

•C′(αM)= AVC(αM)= AVCmin

Betriebsoptimum x=αO:
•Minimum von AC(x)
•Funktionswert AC(αO) = lang-

fristige Preisuntergrenze ACmin

•C′(αO)= AC(αO)= ACmin

=

=

8.2 Erlös-/ Umsatzfunktion 

= ⋅oEñF éEñF ñ =

aìêÅÜëÅÜåáííëÉêä∏ëW= = =oEñF
^oEñF éEñF

ñ
=

dêÉåòÉêä∏ëW= ′ =
Ç oEñF

o EñF
Ç ñ

== Eå®ÜÉêìåÖëïÉáëÉ=bêä∏ë®åÇÉêìåÖ=ÄÉá=jÉåÖÉå®åÇÉêìåÖ=ìã=ÉáåÉ=báåÜÉáíF=

8.3 Gewinnfunktion 

dEñF oEñF `EñF éEñF ñ `EñF= − = ⋅ − =

aìêÅÜëÅÜåáííëÖÉïáååW= = dEñF
ÖEñF

ñ
=

dÉïáååëÅÜïÉääÉW=
>

dEñF M= =ìåÇ=^ìÑä∏ëÉå=å~ÅÜ=ñ=

=
dÉïáååã~ñáãìãW= =
EåçíïÉåÇáÖÉ=_ÉÇáåÖìåÖF= = =

> >

d EñF o EñF ` EñF M dêÉåòÉêä∏ë dêÉåòâçëíÉå′ ′ ′= − = ↔ =



UK=£âçåçãáëÅÜÉ=cìåâíáçåÉå=J=j~êÖáå~ä~å~äóëÉ= NQ=

=

8.4 Elastizität 

råíÉê= ÇÉê= EmìåâíJF= bä~ëíáòáí®í= óIñε = îÉêëíÉÜí= ã~å= ~ääÖÉãÉáå= ÇáÉ= êÉä~íáîÉ= sÉê®åÇÉêìåÖ= ÉáåÉê= dê∏≈É==
ó=Z=ÑEñF=áã=sÉêÜ®äíåáë=òìê=êÉä~íáîÉå=sÉê®åÇÉêìåÖ=ÉáåÉë=ëáÉ=ÄÉëíáããÉåÇÉå=báåÑäìëëÑ~âíçêë=ñW=

ε = =óIñ

Çó

êÉä~íáîÉ ûåÇÉêìåÖ ÇÉê ÄÉíê~ÅÜíÉíÉå dê∏≈É ó ó
ÇñêÉä~íáîÉ ûåÇÉêìåÖ ÇÉë báåÑäìëëÑ~âíçêë ñ
ñ

==→ óIñ

ó ñ
ó

ó ó

′ ′ε = = ⋅ ===== =

bë=ÖáäíW= ε =
εñIó

óIñ

N
=

^ÄÜ®åÖáÖ=îçå=ÇÉê=^ìëéê®ÖìåÖ=ÇÉë=tÉêíë=ÇÉê=bä~ëíáòáí®í=ëáåÇ=ÑçäÖÉåÇÉ=_ÉÖêáÑÑÉ=ÖÉÄê®ìÅÜäáÅÜW=

• ε = M W= îçääâçããÉå=ìåÉä~ëíáëÅÜ=

• ö ε öYNW== ìåÉä~ëíáëÅÜ=

• ö ε ö[NW== Éä~ëíáëÅÜ=

• ö ε öZNW== áëçÉä~ëíáëÅÜ=

• ε Z=±=∞W== îçääâçããÉå=Éä~ëíáëÅÜ=
=

8.5 Taylor-Approximation 

q~óäçêJ^ééêçñáã~íáçå=åJíÉê=lêÇåìåÖ==~å=ÑEñF=ÑΩê=ñ=áå=ÇÉê=k®ÜÉ=îçå=αNW==

( ) ( ) ( ) ( ) ( ) ( )
( )( ) ( )n

1
1

n
2

1
1

1
1

1 αx
n!

αf
...αx

2!

αf
αx

1!

αf
αfxf −++−⋅

′′
+−⋅

′
+≈

=
=
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9. Differenzialrechnung mit mehreren Variablen 

9.1 Allgemeines 

= N O åó ÑEñ I ñ I KKKI ñ F = óW=~ÄÜ®åÖáÖÉ=s~êá~ÄäÉ=

= = ñNIñOIKKKIñåW=ìå~ÄÜ®åÖáÖÉ=s~êá~ÄäÉå=

bë= ÉñáëíáÉêÉå= ÉÄÉåëç= îáÉäÉ= é~êíáÉääÉ= ^ÄäÉáíìåÖÉå= ïáÉ= Éë= ìå~ÄÜ®åÖáÖÉ= s~êá~ÄäÉå= ÖáÄíK= bë= ÖÉäíÉå= ÇáÉ=
ΩÄäáÅÜÉå=aáÑÑÉêÉåòáÉêìåÖëêÉÖÉäåK=bë=áëí=Ç~ÄÉá=åìê=òì=ÄÉ~ÅÜíÉåI=Ç~ëë=~ääÉ=ìå~ÄÜ®åÖáÖÉå=s~êá~ÄäÉåI=Äáë=~ìÑ=
ÇáÉI= å~ÅÜ= ÇÉê= ÇáÑÑÉêÉåòáÉêí=ïáêÇI= ÄÉá= ÇÉê= _ÉêÉÅÜåìåÖ=ÇÉê= é~êíáÉääÉå=^ÄäÉáíìåÖ= ~äë= âçåëí~åí= ~åÖÉëÉÜÉå=
ïÉêÇÉåK=

bë=Öáäí=òK=_K=ÑΩê= = N Oó ÑEñ I ñ F W= =

Nñ N O

N

ó
Ñ Eñ I ñ F

ñ

∂′ =
∂

==ìåÇ==
Oñ N O

O

ó
Ñ Eñ I ñ F

ñ

∂′ =
∂

=

∂′′ =
∂N N

O

ñ ñ N O O
N

ó
Ñ Eñ I ñ F

ñ
I=

∂′′ =
∂O O

O

ñ ñ N O O
O

ó
Ñ Eñ I ñ F

ñ
=ìåÇ=

∂ ∂′′ ′′= = =
∂ ∂ ∂ ∂N O O N

O O

ñ ñ N O ñ ñ N O

N O O N

ó ó
Ñ Eñ I ñ F Ñ Eñ I ñ F

ñ ñ ñ ñ
=

9.2 Differenziale 

bë=Öáäí=ÑΩê = N Oó ÑEñ I ñ F W=

• m~êíáÉääÉë=aáÑÑÉêÉåòá~ä=å~ÅÜ= Nñ W=
∂

= ⋅
∂Nñ N

N

Ñ
Çó Çñ

ñ
=

= dáÄí= å®ÜÉêìåÖëïÉáëÉ= ~åI= ïáÉ= ëáÅÜ= ÇÉê= cìåâíáçåëïÉêí= ó= ®åÇÉêíI= ïÉåå= ÄÉá=
hçåëí~åíÜ~äíìåÖ=îçå=ñO=ÇáÉ=s~êá~ÄäÉ=ñN=ìã=ÇñN=îÉê®åÇÉêí=ïáêÇK=

• qçí~äÉë=aáÑÑÉêÉåòá~äW===
∂ ∂

= + = ⋅ + ⋅
∂ ∂N Oñ ñ N O

N O

Ñ Ñ
Çó Çó Çó Çñ Çñ

ñ ñ
=

= dáÄí=å®ÜÉêìåÖëïÉáëÉ=~åI=ïáÉ=ëáÅÜ=ÇÉê=cìåâíáçåëïÉêí=ó=®åÇÉêíI=ïÉåå=ñN=ìã=ÇñN=
ìåÇ=ñO=ìã=ÇñO=îÉê®åÇÉêí=ïáêÇK=

9.3 Absolute Extremwerte 

bë=Öáäí=ÑΩê= = N Oó ÑEñ I ñ F W=

NK== kçíïÉåÇáÖÉ=_ÉÇáåÖìåÖÉåW== =

=
N O

> >

ñ N O ñ N OÑ Eñ I ñ F M Ñ Eñ I ñ F M′ ′= ∧ = ===→   =hêáíáëÅÜÉ=mìåâíÉ=

OK== eáåêÉáÅÜÉåÇÉ=_ÉÇáåÖìåÖÉåW= =

= eÉëëÉ'ëÅÜÉ=aÉíÉêãáå~åíÉ= ′′ ′′ ′′= ⋅ −
N N O O N O

O
N O ñ ñ ñ ñ ñ ñaEñ I ñ F Ñ Ñ EÑ F =

= báåëÉíòÉå=ÇÉê=âêáíáëÅÜÉå=mìåâíÉW=

=

N N O O

N N O O

N O N O

N O

N O

ñ ñ N O ñ ñ N O N O

ñ ñ N O ñ ñ N O

aEñ I ñ F M p~ííÉäéìåâí ~å ÇÉê píÉääÉ Eñ I ñ F

aEñ I ñ F M âÉáåÉ båíëÅÜÉáÇìåÖ ã∏ÖäáÅÜ

aEñ I ñ F M tÉáíÉêÉ råíÉêëìÅÜìåÖ W

Ñ Eñ I ñ F MI Ñ Eñ I ñ F M jáåáãìã ~å ÇÉê píÉääÉ Eñ I ñ F

Ñ Eñ I ñ F MI Ñ Eñ I ñ F M j

< →
= →
> →

′′ ′′> > →
′′ ′′< < → N O~ñáãìã ~å ÇÉê píÉääÉ Eñ I ñ F

=

9.4 Einbeziehen von Nebenbedingungen 

^ääÖÉãÉáåW= = N Oó ÑEñ I ñ F =ãáí=kÉÄÉåÄÉÇáåÖìåÖ= =N OÖEñ I ñ F M =

=

NK=jÉíÜçÇÉW=s~êá~ÄäÉåëìÄëíáíìíáçå=

aáÉ= kÉÄÉåÄÉÇáåÖìåÖ=ïáêÇ= å~ÅÜ= ÉáåÉê= ÇÉê= s~êá~ÄäÉå= ~ìÑÖÉä∏ëí= ìåÇ= áå= ÇáÉ= wáÉäÑìåâíáçå= ÉáåÖÉëÉíòíK= pç=
ïáêÇ= ÉáåÉ= ìå~ÄÜ®åÖáÖÉ= s~êá~ÄäÉ= ÉäáãáåáÉêí= ìåÇ= ÇáÉ= ΩÄäáÅÜÉå= aáÑÑÉêÉåòáÉêìåÖëJ= ìåÇ= bñíêÉãïÉêíJ
ÄÉëíáããìåÖëêÉÖÉäå=â∏ååÉå=~åÖÉï~åÇí=ïÉêÇÉåK==



VK=aáÑÑÉêÉåòá~äêÉÅÜåìåÖ=ãáí=ãÉÜêÉêÉå=s~êá~ÄäÉå= NS=

=

=

OK=jÉíÜçÇÉW=i~Öê~åÖÉJjÉíÜçÇÉ=

aáÉ=bñíêÉã~=ÇÉê=cìåâíáçå=ó=Z=ÑEñNIñOF=ìåíÉê=ÇÉê=kÉÄÉåÄÉÇáåÖìåÖ=ÖEñNIñOF=Z=M=äáÉÖÉå=~å=ÇÉå=píÉääÉåI=~å=
ÇÉåÉå=ÇáÉ=ëçÖK=i~Öê~åÖÉJcìåâíáçå=iEñNIñOIλF=Z=ÑEñNIñOF=±=λ=⋅=ÖEñNIñOF=ãáí=λ=~äë=ëçÖK=i~Öê~åÖÉJjìäíáéäáâ~íçê=
áÜêÉ=bñíêÉãïÉêíÉ=~ååáããíK=wìë®íòäáÅÜÉ=ìå~ÄÜ®åÖáÖÉ=sÉê®åÇÉêäáÅÜÉ=áëí=~äëç=λK==
kçíïÉåÇáÖÉ=_ÉÇáåÖìåÖÉåW=

λ

∂ ∂ ∂′ = = ± λ ⋅ =
∂ ∂ ∂
∂ ∂ ∂′ = = ± λ ⋅ =

∂ ∂ ∂
∂′ = = ± =
∂ λ

N

O

>

ñ

N N N

>

ñ

O O O

>

N O

i Ñ Ö
i M

ñ ñ ñ

i Ñ Ö
i M

ñ ñ ñ

i
i ÖEñ I ñ F M

=
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10. Integralrechnung 

10.1 Unbestimmtes Integral 

Ç EcEñF ÅF
EcEñF ÅF c EñF ÑEñF ÑΩê Å âçåëí~åí

Ç ñ

+ ′ ′= + = = = =

= +∫ ÑEñF Çñ cEñF Å = ãáí== ÑEñF=Z=fåíÉÖê~åÇ=

== cEñF=Z=pí~ããÑìåâíáçå=

== Å=Z=fåíÉÖê~íáçåëâçåëí~åíÉ==

10.2 Wichtige Stammfunktionen 

• = ⋅ + = +∫ ∫~ Çñ ~ ñ Å c~ää W N Çñ ñ Å =

• += ⋅ + ≠ −
+∫

å å NN
ñ Çñ ñ Å ÑΩê å N

å N
=

• +⋅ = ⋅ + ≠ −
+∫

å å N~
~ ñ Çñ ñ Å ÑΩê å N

å N
=

• − = = +∫ ∫
N N

ñ Çñ Çñ äå ñ Å
ñ

=

• = + > = + = +∫ ∫
ñ ñ

ñ ñ ñ~ É
~ Çñ Å ÑΩê ~ M c~ää W É Çñ Å É Å

äå ~ äå É
=

• = ⋅ − + >∫ äå ñ Çñ ñ äå ñ ñ Å ÑΩê ñ M =

• ⋅ + ⋅ += ⋅ + ≠∫
~ ñ Ä ~ ñ ÄN
É Çñ É Å ÑΩê ~ M

~
=

• +⋅ + = ⋅ ⋅ + + ≠ −
⋅ +∫ å å NN

E~ ñ ÄF Çñ E~ ñ ÄF Å ÑΩê å N
~ Eå NF

=

• = ⋅ ⋅ + + ⋅ + >
⋅ +∫
N N

Çñ äå ~ ñ Ä Å ÑΩê ~ ñ Ä M
~ ñ Ä ~

=

• = − ⋅ ⋅ + + ⋅ + >
⋅ +∫ O

ñ ñ Ä
Çñ äå ~ ñ Ä Å ÑΩê ~ ñ Ä M

~ ñ Ä ~ ~
=

10.3 Integrationsregeln 

• hçåëí~åíÉêJc~âíçêJoÉÖÉäW=

= ⋅ = ⋅∫ ∫~ ÑEñF Çñ ~ ÑEñF Çñ =

• pìããÉåêÉÖÉäW=

= ± ± = ± ±∫ ∫ ∫xÑEñF ÖEñF KKKz Çñ ÑEñF Çñ ÖEñF Çñ KKK =

• m~êíáÉääÉ=fåíÉÖê~íáçåW=

= ′ ′⋅ = ⋅ − ⋅∫ ∫ÑEñF Ö EñF Çñ ÑEñF ÖEñF Ñ EñF ÖEñF Çñ =

= bë=áëí=ÇáÉ=cìåâíáçå=~äë= ′Ö EñF =òì=ï®ÜäÉåI=ÇáÉ=ëáÅÜ=äÉáÅÜíÉê=áåíÉÖêáÉêÉå=ä®ëëíK=jÉÜêã~äáÖÉë=fåíÉÖêáÉêÉå=
â~åå=åçíïÉåÇáÖ=ëÉáåK=

• fåíÉÖê~íáçå=ÇìêÅÜ=pìÄëíáíìíáçåW=

= ′⋅ = =∫ ∫ÑEÖEñFF Ö EñF Çñ ÑEòF Çò ãáí ò ÖEñF =

=
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10.4 Bestimmtes Integral 

_ÉêÉÅÜåìåÖ=îçå=cä®ÅÜÉå=òïáëÅÜÉå=ÑEñF=ìåÇ=ÇÉê=ñJ^ÅÜëÉW=

[ ]= = −∫
Ä

Ä

~
~

ÑEñF Çñ cEñF cEÄF cE~F = ãáí= ~=Z=råíÉêÖêÉåòÉ===ìåÇ===Ä=Z=lÄÉêÖêÉåòÉ==

_ÉêÉÅÜåìåÖ=îçå=cä®ÅÜÉå=òïáëÅÜÉå=òïÉá=cìåâíáçåÉå=ÑEñF=ìåÇ=ÖEñFW=

≥ → ≥ → = −∫ ∫ ∫
Ä Ä Ä

~ ~ ~

ÑEñF ÖEñF ÑEñF Çñ ÖEñF Çñ cä®ÅÜÉ òïáëÅÜÉå ÑEñF ìåÇ ÖEñF EÑEñF ÖEñFF Çñ =

báÖÉåëÅÜ~ÑíÉå=ÄÉëíáããíÉê=fåíÉÖê~äÉW=

• aáÉ=hçåëí~åíÉêJc~âíçêJoÉÖÉä=Öáäí=ïÉáíÉêÜáåK=

⋅ = ⋅∫ ∫
Ä Ä

~ ~

â ÑEñF Çñ â ÑEñF Çñ =

• aáÉ=pìããÉåêÉÖÉä=ÄäÉáÄí=ÉÄÉåÑ~ääë=ÉêÜ~äíÉåK=

+ = +∫ ∫ ∫
Ä Ä Ä

~ ~ ~

xÑEñF ÖEñFz Çñ ÑEñF Çñ ÖEñF Çñ =

• ^ìÅÜ=ÇáÉ=é~êíáÉääÉ=fåíÉÖê~íáçåëêÉÖÉä=ÄäÉáÄí=ìåÉáåÖÉëÅÜê®åâí=ÖΩäíáÖK=

[ ]′ ′⋅ = ⋅ − ⋅∫ ∫
Ä Ä

Ä

~
~ ~

ÑEñF Ö EñF Çñ ÑEñF ÖEñF Ñ EñF ÖEñF Çñ =

• _Éá=ÇÉê=pìÄëíáíìíáçå=ëáåÇ=ÇáÉ=fåíÉÖê~íáçåëÖêÉåòÉå=ãáíòìëìÄëíáíìáÉêÉåK=

[ ]
=

=

′⋅ = = = −∫ ∫
O

O

N

N

ò ÖEÄFÄ
ò

O Nò
~ ò ÖE~F

ÑEÖEñFF Ö EñF Çñ ÑEòF Çò cEòF cEò F cEò F =

10.5 Ökonomische Anwendung: Konsumenten- und Produz entenrente 

^ìÑ=ÉáåÉã=j~êâí=ï®êÉå=ÉáåáÖÉ=k~ÅÜÑê~ÖÉê=ÄÉêÉáí=ÖÉïÉëÉå=ÉáåÉå=Ü∏ÜÉêÉå=mêÉáë=~äë=ÇÉå=ÄÉá=ÇÉê=jÉåÖÉ=ñG=
EdäÉáÅÜÖÉïáÅÜíëãÉåÖÉF= îçêÜÉêêëÅÜÉåÇÉå= j~êâíéêÉáë= éG= EdäÉáÅÜÖÉïáÅÜíëéêÉáëF= òì= ÄÉò~ÜäÉåK= aáÉ= ëáÅÜ=
Ç~ÇìêÅÜ=ÉêÖÉÄÉåÇÉ=báåëé~êìåÖ=ïáêÇ=~äë=hçåëìãÉåíÉåêÉåíÉ=ÄÉòÉáÅÜåÉíW=
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M
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=
=
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^åÖÉÄçíëÑìåâíáçå= pé EñF =

k~ÅÜÑê~ÖÉÑìåâíáçå= aé EñF =
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11. Matrizenrechnung 
aÉÑáåáíáçå=ÉáåÉê=j~íêáñW=oÉÅÜíÉÅâáÖÉ=^åçêÇåìåÖ=îçå=bäÉãÉåíÉå=
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ãN ãO ãP ãå ã å
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^ =

11.1 Spezielle Matrizen 

• wÉáäÉåîÉâíçêW== ×= LN O å N åEÄ Ä Ä FÄ =

• pé~äíÉåîÉâíçêW==
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O
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~

~

~

~ =
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• nì~Çê~íáëÅÜÉ=j~íêáñW= aáÉ=aáãÉåëáçå=ÇÉê=j~íêáñ=áëí=ÖäÉáÅÜ=ã=×=ãK=
= aáÉ=bäÉãÉåíÉ= NN OO PP ãã~ I ~ I ~ I KKKI ~ =ëíÉääÉå=ÇáÉ=e~ìéíÇá~Öçå~äÉ=Ç~êK=

• aá~Öçå~äã~íêáñ=aW= ^ääÉ=tÉêíÉ=~ì≈ÉêÜ~äÄ=ÇÉê=e~ìéíÇá~Öçå~äÉå=ëáåÇ=ÖäÉáÅÜ=MK=

• báåÜÉáíëã~íêáñ=bW= e~ìéíÇá~Öçå~äïÉêíÉ=Z=NI=~ääÉ=~åÇÉêÉå=tÉêíÉ=Z=M=

= _ÉáëéáÉäW=

×

 
 =  
 
 P P

N M M

M N M

M M N

b =

• aêÉáÉÅâëã~íêáñW= ^ääÉ=tÉêíÉ=ìåíÉêÜ~äÄ=EçÄÉêÉ=aêÉáÉÅâëã~íêáñ=lF=çÇÉê=çÄÉêÜ~äÄ=ÇÉê==
= e~ìíéÇá~Öçå~äÉå=EìåíÉêÉ=aêÉáÉÅâëã~íêáñ=rF=ëáåÇ=ÖäÉáÅÜ=MK=

• kìääã~íêáñ=MW= ^ääÉ=bäÉãÉåíÉ=ÇÉê=j~íêáñ=ëáåÇ=ÖäÉáÅÜ=MK=

11.2 Matrizenoperationen 

11.2.1 Ordnungsrelationen 

sçê~ìëëÉíòìåÖW=ÖäÉáÅÜÉ=wÉáäÉåJ=ìåÇ=pé~äíÉåò~Üä=ÇÉê=ÄÉíê~ÅÜíÉíÉå=j~íêáòÉå=
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~ Ä ÑΩê ~ääÉ á NIOIKKKIã ìåÇ à NIOIKKKI å

~ Ä ÑΩê ~ääÉ á NIOIKKKIã ìåÇ à NIOIKKKI å

~ Ä ÑΩê ~ääÉ á NIOIKKKI

= ↔ = = =

> ↔ > = =

≥ ↔ ≥ = =

< ↔ < = =

≤ ↔ ≤ =

^ _

ã ìåÇ à NIOIKKKI å=

≠ →

=

11.2.2 Transponierte Matrix 

sÉêí~ìëÅÜÉå=îçå=wÉáäÉå=ìåÇ=pé~äíÉåW=

× ×

   
   
   = ↔ =
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ON OO Oå NO OO ãOq
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^ ^ =

=

=

áà áàbë ÖáÄí ãáåÇK Éáå fåÇÉñé~~ê EáI àF ãáí ~ Ä K≠



NNK=j~íêáòÉåêÉÅÜåìåÖ= OM=

=

bë=ÖáäíW=

• ^ ^q qE F = =

• a aq = =

• ^ ^ ^q áëí ëóããÉíêáëÅÜK= ↔ =

• ^ ^ ^q áëí ëÅÜáÉÑëóããÉíêáëÅÜK= − ↔ =

11.2.3 Multiplikation einer Matrix mit einem Skalar 

pâ~ä~ê=Z=ÉáåÑ~ÅÜÉ=w~Üä=

` ^ áà áàÅ ~ ÑΩê ~ääÉ áI à= ⋅ λ ↔ = ⋅ λ =

11.2.4 Addition von Matrizen 

sçê~ìëëÉíòìåÖW=däÉáÅÜÉ=wÉáäÉåJ=ìåÇ=pé~äíÉåò~Üä=

` ^ _ áà áà áàÅ ~ Ä ÑΩê ~ääÉ áI à= ± ↔ = ± =

bë=ÖáäíW=

• ^ _ _ ^+ = + =

• ^ _ ` ^ _ `E F E F+ + = + + =

• ^ _ ^ _E Fλ ⋅ + = λ ⋅ + λ ⋅ =

• ^ _ ^ _q q qE F± = ± =

• ^ M ^± = =

11.2.5 Multiplikation von Matrizen 

× ×ã â â åjìäíáéäáâ~íáçå îçå ìåÇ åìê ïÉåå Öáäí W ìåÇ^ _ ^ _ =

× × × ⋅ ⋅
=

⋅ = ↔ = ⋅ = ⋅∑
â

ã â â å ã å áà á à áÜ Üà
Ü N

Å ~ Ä^ _ ` ^ _ = ãáí= ^á ⋅ =Z=áJíÉ=wÉáäÉ=îçå=^=

=

bë=ÖáäíW=

• ⋅ ≠ ⋅^ _ _ ^ =

• ⋅ ⋅ = ⋅ ⋅ = ⋅ ⋅E F E F^ _ ` ^ _ ` ^ _ ` =

• ⋅ + ⋅ = ⋅ +E F^ _ ^ ` ^ _ ` =

• ^ _ _ ^q q qE F⋅ = ⋅ =

• ⋅ = ⋅ =^ M M ^ M =

• ⋅ = ⋅ =^ b b ^ ^ = =

11.2.6 Skalarprodukt und dyadisches Produkt von Vektoren 

pâ~ä~êéêçÇìâíW=
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11.3 Determinanten 

báåÉê=èì~Çê~íáëÅÜÉå=j~íêáñ=^=ïáêÇ=ÉáåÉ=w~Üä=â=òìÖÉçêÇåÉíI=ÇáÉ=ã~å=aÉíÉêãáå~åíÉ=åÉååíK=
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^ ^ =
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• P=×=P=Ó=j~íêáñW=oÉÖÉä=îçå=p~êêìë=
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PN PO PP PN PO PP PN POP P
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^ ^ =

=

bë=ÖáäíW=

= ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅
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NN OO PP NO OP PN NP ON PO

e~ìéíÇá~Öçå~äÉ ìåÇ ÇÉêÉå m~ê~ääÉäÉå

NP OO PN NN OP PO NO ON PP

kÉÄÉåÇá~Öçå~äÉ ìåÇ ÇÉêÉå m~ê~ääÉäÉå

ÇÉí E~ ~ ~ F E~ ~ ~ F E~ ~ ~ F

E~ ~ ~ F E~ ~ ~ F E~ ~ ~ F

^

=

• §ÄêáÖÉ=èì~Çê~íáëÅÜÉ=j~íêáòÉåW=båíïáÅâäìåÖëë~íò=îçå=i~éä~ÅÉ=

= _ÉáëéáÉäW=_ÉêÉÅÜåìåÖ=îçå=ÇÉí=^=Z=

O R N M

N N M R

N O P N

O N N N

−
−
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NbåíïáÅâäìåÖ=å~ÅÜ=ÇÉê=ÉêëíÉå=wÉáäÉ=E~ääÖÉãÉáå=å~ÅÜ=ÄÉäáÉÄáÖÉê=wÉáäÉLpé~äíÉ=ã∏ÖäáÅÜFW=

aáÉ=bäÉãÉåíÉ=ÇÉê=ÉêëíÉå=wÉáäÉ=ïÉêÇÉå=ãáí=ÇÉå=råíÉêÇÉíÉêãáå~åíÉå=ãìäíáéäáòáÉêíI=ÇáÉ=ëáÅÜ=ÉêÖÉÄÉåI=
ïÉåå=ã~å= ÇáÉ= ÉêëíÉ= wÉáäÉ= ìåÇ= ÇáÉ= pé~äíÉ= ÇÉë= àÉïÉáäáÖÉå= bäÉãÉåíë= ~ìë=ÇÉê=j~íêáñ= ëíêÉáÅÜíK=j~å=
ÉêÜ®äí= Ç~åå= ÄÉá= ÇÉê= EQ×QFJj~íêáñ= Q= qÉêãÉI= ÇáÉ= å~ÅÜ= ÑçäÖÉåÇÉã= sçêòÉáÅÜÉåëÅÜÉã~= îÉêâåΩéÑí=
ïÉêÇÉåK==

+ − + −
− + − +
+ − + −
− + − +

=

NtÉåå=ã~å=å~ÅÜ=ÇÉê= ÉêëíÉå=wÉáäÉ= ÉåíïáÅâÉäíI= ÉêÜ®äí= ÇÉê= ÉêëíÉ=qÉêã=Éáå= łH]I=ÇÉê= òïÉáíÉ= Éáå= łÓ]=
ìëïK=tΩêÇÉ=ã~å= å~ÅÜ= ÇÉê= OK= wÉáäÉ= ÉåíïáÅâÉäåI=ãΩëëíÉ=ã~å= Ç~ÖÉÖÉå=ãáí= ÉáåÉã= łÓ]= ÄÉÖáååÉåK=
a~ãáí=ÉêÖáÄí=ëáÅÜW=

N M R N M R N N R N N M

ÇÉí O O P N R N P N N N O N M N O P NMQ

N N N O N N O N N O N N

= + ⋅ − − ⋅ − + ⋅ − − ⋅ =
− − −

^ =

bë=ÉãéÑáÉÜäí=ëáÅÜ=ÇáÉ=båíïáÅâäìåÖ=å~ÅÜ=ÇÉê=wÉáäÉLpé~äíÉI=ÇáÉ=ÇáÉ=ãÉáëíÉå=kìääÉå=ÉåíÜ®äíK=

• c~ääW=lÄÉêÉ=çÇÉê=ìåíÉêÉ=aêÉáÉÅâëã~íêáñ=^=

ÇÉí→ =^ mêçÇìâí=ÇÉê=e~ìéíÇá~Öçå~äÉäÉãÉåíÉ=

=
=



NNK=j~íêáòÉåêÉÅÜåìåÖ= OO=
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oÉÅÜÉåêÉÖÉäå=ÑΩê=aÉíÉêãáå~åíÉåW=

• ã
ã ã ã ãÇÉíE F ÇÉí× ×λ ⋅ = λ ⋅^ ^ =

• ÇÉíE F ÇÉí ÇÉí⋅ = ⋅^ _ ^ _ =

• qÇÉí ÇÉí=^ ^ =

• N N
ÇÉí

ÇÉí
− =^

^
=

11.4 Inverse Matrix 

fåîÉêëÉW= N N
~ÇàE F ãáí ÇÉí M

ÇÉí
− = ⋅ ≠^ ^ ^

^
=

_ÉêÉÅÜìåÖ=ÇÉê=~ÇàìåÖáÉêíÉå=j~íêáñ=~ÇàE^FW=
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− + − − + −   = =
   + − + + − +
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q
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ON OO OP NO OO PO

PN PO PP NP OP PP

~ÇàE F
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^
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=

aáÉ=j~íêáòÉå=^áà=ëáåÇ=Ç~ÄÉá=àÉåÉI=ÇáÉ=ÄÉá=píêÉáÅÜìåÖ=îçå=wÉáäÉ=á=ìåÇ=pé~äíÉ=à=áå=ÇÉê=j~íêáñ=^=ÉåíëíÉÜÉåK=

11.5 Rang einer Matrix 

aÉê=o~åÖ=êÖE^F=ÇÉê=j~íêáñ=^=ÄÉòÉáÅÜåÉí=ÇáÉ=Ej~ñáã~äFw~Üä=äáåÉ~ê=ìå~ÄÜ®åÖáÖÉê=wÉáäÉåîÉâíçêÉå=áååÉêJ
Ü~äÄ=ÇÉê=j~íêáñK=bë=Öáäí=~ääÖÉãÉáåW=

• êÖE^F=≤=ãáåôãIåõ=

• êÖE^F=Z=êÖE^qF=

• êÖE^⋅_F=≤=ãáåôêÖE^FI=êÖE_Fõ=
báåÉ= èì~Çê~íáëÅÜÉ=ã= ×= ã= J= j~íêáñ= Ü~í= ÖÉå~ì= Ç~åå= îçääÉå= o~åÖ= êÖE^F=Z=ãI= ïÉåå= áÜêÉ=aÉíÉêãáå~åíÉ=

ìåÖäÉáÅÜ=kìää=áëíK=fëí=áÜêÉ=aÉíÉêãáå~åíÉ=ÖäÉáÅÜ=kìääI=ëç=áëí=ÇÉê=o~åÖ=ÇÉê=j~íêáñ=âäÉáåÉê=~äë=áÜêÉ=wÉáäÉå~åJ
ò~ÜäK=táÉ=Öêç≈=ÇÉê=o~åÖ=ÖÉå~ì= áëíI=â~åå= áå=ÉáåÉã=ëçäÅÜÉå=c~ää=åáÅÜí=ìåãáííÉäÄ~ê=~åÖÉÖÉÄÉå=ïÉêÇÉåK=
a~òì=ëáåÇ=ÉäÉãÉåí~êÉ=wÉáäÉåíê~åëÑçêã~íáçåÉå=EîÖäK=^ÄëÅÜåáíí=NNKSKOF=åçíïÉåÇáÖK==

11.6 Lineare Gleichungssysteme 

11.6.1 Lösbarkeit 

báå=äáåÉ~êÉë=däÉáÅÜìåÖëëóëíÉã=ãáí=ã=däÉáÅÜìåÖÉå=ìåÇ=å=s~êá~ÄäÉå=ñNIñOIKKKIñå=Ü~í=ÇáÉ=cçêã=
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L
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hçÉÑÑáòáÉåíÉåã~íêáñ s~êá~ÄäÉåîÉâíçê bêÖÉÄåáëîÉâíçê
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^ ñ Ä
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lÄ= ìåÇ= ïáÉ= îáÉäÉ= i∏ëìåÖÉå= Éáå= ëçäÅÜÉë= däÉáÅÜìåÖëëóëíÉã= ÄÉëáíòíI= Ü®åÖí= îçã= qóé= ÇÉë= däÉáÅÜìåÖëJ
ëóëíÉãë=ìåÇ=ÇÉê=äáåÉ~êÉå=^ÄÜ®åÖáÖâÉáí=ÄòïK=rå~ÄÜ®åÖáÖâÉáí=ÇÉê=däÉáÅÜìåÖÉå=ÇÉë=póëíÉãë=~ÄK=

NK ÄÉëíáããíÉë=däÉáÅÜìåÖëëóëíÉã=Eã=Z=åFW=

J ÉáåÇÉìíáÖÉ=i∏ëìåÖI=ïÉåå=däÉáÅÜìåÖÉå=äáåÉ~ê=ìå~ÄÜ®åÖáÖ=

J ìåÉåÇäáÅÜ=îáÉäÉ=i∏ëìåÖÉåI=ïÉåå=däÉáÅÜìåÖÉå=äáåÉ~ê=~ÄÜ®åÖáÖ=



NNK=j~íêáòÉåêÉÅÜåìåÖ= OP=

=

J âÉáåÉ=i∏ëìåÖI=ïÉåå=däÉáÅÜìåÖÉå=ïáÇÉêëéêΩÅÜäáÅÜ=

OK ΩÄÉêÄÉëíáããíÉë=däÉáÅÜìåÖëëóëíÉã=Eã=[=åFW=

áK=ÇK=oK=âÉáåÉ=i∏ëìåÖI=Éë=ëÉá=ÇÉååI=ÇáÉ=ã=Ó=å=ΩÄÉêÑäΩëëáÖÉå=däÉáÅÜìåÖÉå=ëíÉääÉå=ÖÉê~ÇÉ=iáåÉ~êâçãÄáJ
å~íáçåÉå=ÇÉê=êÉëíäáÅÜÉå=däÉáÅÜìåÖÉå=Ç~ê=

PK ìåíÉêÄÉëíáããíÉë=däÉáÅÜìåÖëëóëíÉã=Eã=Y=åFW=

áK=ÇK=oK=ìåÉåÇäáÅÜ=îáÉäÉ=i∏ëìåÖÉåK==

11.6.2 Gauß'scher Lösungsalgorithmus 

wìê=i∏ëìåÖëÑáåÇìåÖ=ïáêÇ=ÇáÉ=hçÉÑÑáòáÉåíÉåã~íêáñ=^=ÉáåÉë=äáåÉ~êÉå=däÉáÅÜìåÖëëóëíÉãë=ìã=ÇÉå=bêÖÉÄåáëJ
îÉâíçê=Ä=ÉêïÉáíÉêí=ìåÇ=ÇáÉëÉ=åÉìÉ=j~íêáñ=^Éêï=ÇìêÅÜ=ÉäÉãÉåí~êÉ=wÉáäÉåíê~åëÑçêã~íáçåÉå=áå=ÉáåÉ=j~íêáñ=
îçå=aêÉáÉÅâëÑçêã=ΩÄÉêÑΩÜêíW=

NN NO NP Nã NNN NO NP Nã N

ON OO OP Oã O OO OP Oã O

d~ì≈DëÅÜÉê
PN PO PP Pã P ^äÖçêáíÜãìë PP Pã P

ãN ãO ãP ãã ã
ãã ã

~ ~ ~ ~ Ä~ ~ ~ ~ Ä

~ ~ ~ ~ Ä M ~ ~ ~ Ä

~ ~ ~ ~ Ä M M ~ ~ Ä

~ ~ ~ ~ Ä M M M ~ Ä

  
  
  
   →   
  
       

%% % % %LL

%% % %L L

%L % %L
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L %%L

=

bêÖÉÄåáëáåíÉêéêÉí~íáçåW=

• båíëíÉÜìåÖ=ÉáåÉê=çÇÉê=ãÉÜêÉêÉê=kìääòÉáäÉå=áå=ÇÉê=ÉêïÉáíÉêíÉå=j~íêáñW=

→= ^Éêï=ÄÉëáíòí=âÉáåÉå=îçääÉå=o~åÖ=ëçåÇÉêå=êÖE^ÉêïF=Z=łwÉáäÉå=îçå=^Éêï=~ÄòΩÖäáÅÜ=ÉåíëíÉÜÉåÇÉ=kìääJ
òÉáäÉå]K=aáÉ=däÉáÅÜìåÖÉå=ÇÉë=póëíÉãë=ëáåÇ=äáåÉ~ê=~ÄÜ®åÖáÖ=ìåÇ=Ç~ë=däÉáÅÜìåÖëëóëíÉã=ÄÉëáíòí=
ìåÉåÇäáÅÜ=îáÉäÉ=i∏ëìåÖÉå=

• bë=íêÉíÉå=kìääòÉáäÉå=~ìÑI=ÇÉêÉå=äÉíòíÉ=hçÉÑÑáòáÉåíÉå=îçå=kìää=îÉêëÅÜáÉÇÉå=ëáåÇW=

→= a~ë=däÉáÅÜìåÖëëóëíÉã=áëí=ïáÇÉêëéêΩÅÜäáÅÜ=ìåÇ=ÄÉëáíòí=âÉáåÉ=i∏ëìåÖK=

• bë=ÉåíëíÉÜÉå=âÉáåÉ=kìääòÉáäÉå=ìåÇ=âÉáåÉ=ïáÇÉêëéêΩÅÜäáÅÜÉå=wÉáäÉåW=

→= ^Éêï=ÄÉëáíòí=îçääÉå=o~åÖI=ÇK=ÜK=ÇáÉ=däÉáÅÜìåÖÉå=ÇÉë=póëíÉãë=ëáåÇ= äáåÉ~ê=ìå~ÄÜ®åÖáÖ=ìåÇ=Ç~ë=
däÉáÅÜìåÖëëóëíÉã= áëí= ÉáåÇÉìíáÖ= ä∏ëÄ~êK= rãëÅÜêÉáÄÉå= îçå=^Éêï= áå=däÉáÅÜìåÖëëóëíÉãÑçêã= ìåÇ=
^ìÑä∏ëÉå=äáÉÑÉêí=ÇáÉ=i∏ëìåÖ=ÇÉë=póëíÉãëK=

11.6.3 Cramer'sche Regel 

fëí= Éáå=däÉáÅÜìåÖëëóëíÉã= ÉáåÇÉìíáÖ= ä∏ëÄ~ê= EÇÉí=^= ≠ MFI= â~åå= ëÉáåÉ= i∏ëìåÖ=ãáííÉäë= ÇÉê=`ê~ãÉê'ëÅÜÉå=
oÉÖÉä=ÄÉëíáããí=ïÉêÇÉåK=a~ÄÉá=ïáêÇ=ïáÉ=ÑçäÖí=îçêÖÉÖ~åÖÉåW=

NK a~êëíÉääìåÖ= ÇÉë= däÉáÅÜìåÖëëóëíÉãë= áå= j~íêáñëÅÜêÉáÄïÉáëÉ= ⋅ =^ ñ Ä K= bë= ãìëë= ëáÅÜ= ÄÉá= ÇÉê= hçÉÑJ
ÑáòáÉåíÉåã~íêáñ=^=ìã=ÉáåÉ=èì~Çê~íáëÅÜÉ=j~íêáñ=Ü~åÇÉäåK=

OK _ÉêÉÅÜåìåÖ=ÇÉê=aÉíÉêãáå~åíÉ=îçå=^I=Ç~=Ç~ë=däÉáÅÜìåÖëëóëíÉã=åìê=ÄÉá=ÇÉí=^=≠=M=ÉáåÉ=ÉáåÇÉìíáÖÉ=
i∏ëìåÖ=ÄÉëáíòíK=

PK táê=ÉêëÉíòÉå= áå=ÇÉê=j~íêáñ=^=ÇáÉ=pé~äíÉ= à=ÇìêÅÜ=ÇÉå=bêÖÉÄåáëîÉâíçê=Ä=ÇÉê= êÉÅÜíÉå=pÉáíÉI=ïçÇìêÅÜ=
åÉìÉ=j~íêáòÉå=

⋅ ⋅ − ⋅ + ⋅= L^ ^ ^ Ä ^ ^à N à N à N ãE F =

ÉåíëíÉÜÉåK=jáí=ÇáÉëÉå=j~íêáòÉå=ÄòïK=áÜêÉå=aÉíÉêãáå~åíÉå=ÇÉí=^à=â∏ååÉå=ïáê=Ç~åå=ÇáÉ=i∏ëìåÖÉå=ñà=
ÇÉë=äáåÉ~êÉå=däÉáÅÜìåÖëëóëíÉãë=ÄÉëíáããÉåW=

= ⋅ ≠ =^ ^
^

à à
N

ñ ÇÉí ãáí ÇÉí M ÑΩê à NIOIKKKIã
ÇÉí

=

=


